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Let h be an orientation reversing planar homeomorphism and X be an invariant plane
separating continuum. We show that there is a natural linear order on the invariant
components of R2 \ X that resemble the one found in connected unions of circles invariant
under the reﬂection r(x, y) = (−x, y). The main result relates to the Nielsen ﬁxed point
theory and work of Krystyna Kuperberg on ﬁxed points of planar homeomorphisms in
invariant continua.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
A continuum is a connected and compact set that contains at least 2 points. Suppose h is a planar homeomorphism
with an invariant continuum X (i.e. h(X) = X ). If h is orientation preserving and X does not separate the plane then it
follows from the Brouwer translation theorem [10] that such a homeomorphism has a ﬁxed point in the plane. Must it have
a ﬁxed point in the invariant continuum? In 1951, in Annals of Mathematics [12], Cartwright and Littlewood answered this
question in the aﬃrmative. The motivation for their work emerged from the study of differential equations. For example, it
had been known that van der Pol’s equation
x¨+ k(x2 − 1)x˙+ ω2x = bk cos2πt
led to the invariant set whose boundary was not locally connected. This set exhibited a very complicated structure, and
possibly contained indecomposable continua. Later, in 1966, it was shown by V.A. Pliss [19] that any nonseparating plane
continuum is the maximal bounded closed set invariant under a transformation F , where F is a solution of certain dissipa-
tive system of differential equations (see also [1] and [14]). Because the continua invariant under plane homeomorphisms
could exhibit such an arbitrarily complicated structure, it was not known at the time Cartwright–Littlewood theorem was
proved, how the existing tools of algebraic topology could be applied to the study of this problem. In 1954 O.H. Hamilton of-
fered an alternative short proof of the Cartwright–Littlewood theorem, deriving it directly from the theorem of Brouwer [13].
Subsequently, in 1977, Morton Brown [11] provided yet another short proof of the same theorem by the means of covering
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spaces and the theorem of Brouwer. It may be surprising that it took more than a quarter of the century to determine if the
Cartwright–Littlewood theorem was true also for orientation reversing homeomorphisms. This diﬃcult open question was
settled in 1978 by Harold Bell [2] who showed that such a theorem was true indeed. The main diﬃculty which Bell had
to face was the fact that the bounded orbit conjecture had not been resolved by that time. The bounded orbit conjecture
assumed that any plane homeomorphism h that has an orbit of each point bounded must have a ﬁxed point. It follows from
the theorem of Brouwer that even one bounded orbit forces h to have a ﬁxed point if h preserves the orientation. However,
an easy example shows that this is not the case for orientation reversing homeomorphisms.1 The bounded orbit conjecture
was disproved by S. Boyles [8,9] who, in 1980, constructed an example of a ﬁxed point free orientation reversing homeo-
morphism of the plane with every orbit bounded.2 This result emphasized the contrast between the two isotopy classes of
plane homeomorphisms. In 1989 Krystyna Kuperberg [16] extended Bell’s result to plane separating continua. Namely, let h
be such a homeomorphism with a continuum X invariant (i.e. h(X) = X ). Suppose there is at least one bounded component
of R2 \ X that is invariant under h. Kuperberg proved that, in this setting, there must be two ﬁxed points of h in X . Sub-
sequently, she also showed [17] that h must have at least k + 2 ﬁxed points in X , whenever there are n bounded invariant
components of R2 \ X , where n 2k . Motivated by these results she raised the following question.
Question. (K. Kuperberg, 1989, [17]) Let h : R2 → R2 be an orientation reversing homeomorphism with a continuum X
invariant. Suppose there are n components of R2 \ X that are invariant under h. Must there be n ﬁxed points in X?
In [7] the present author answered the above question in the aﬃrmative. The methods introduced by Kuperberg in [16],
and then used by the author to answer her question, motivated further work in the intersection of the Nielsen ﬁxed point
theory and the continuum theory, which led to writing of the present paper. Throughout the paper h will be an orientation
reversing homeomorphism with a continuum X invariant. Without loss of generality, we will assume that X contains an
invariant simple closed curve in each invariant component of R2 \ X , one of which, say C0, bounds X . Let A be an invariant
annulus containing X , determined by C0 and one more invariant simple closed curve from one of the bounded components
of R2 \ X . The starting point for our investigations was the fact that h|A has two nonempty Nielsen classes each of which
must intersect X , by Lemma P3 in [16]. We shall use an example to give a geometric interpretation of these two classes





(x, y) ∈ R2: x2 + (y − b)2 = 1}.
Notice that X is a continuum invariant under the reﬂection r(x, y) = (−x, y). All of the ﬁxed points of r in X lie on the line
x = 0. Namely,
Fix(r, X) = {(0,−3), (0,−1), (0,1), (0,3)}.
Note that Fix(r, X) is linearly ordered by the second coordinate. The same is true about the collection of bounded comple-
mentary domains of X . That is, the components of B =⋃b=−2,0,2{(x, y) ∈ R2: x2 + (y − b)2 < 1} are linearly ordered by
the second coordinate. Let U be one of the components of B and AU be an annulus containing X , invariant under r, and
with one boundary component in U . Let u be the center of U , and let U1,U2 be the remaining two components of B with
1 Consider a homeomorphism f given by f (x1, x2) = (−x1, x2 − |x1| + 1) if |x1| < 1, and f (x1, x2) = (−x1, x2) for |x1| 1. There are two half-planes of
points with bounded orbits (though some orbits are unbounded), yet f is ﬁxed-point free.
2 Boyles’ counterexample is a very clever modiﬁcation of the above homeomorphism f .
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and is invariant under h one can deﬁne the Nielsen class of Ui as the Nielsen class of the ﬁxed point ui . Then U1 and U2
are in the same Nielsen class if and only if π2(u) < π2(u1) and π2(u) < π2(u2), or π2(u) > π2(u1) and π2(u) > π2(u2).
Since any orientation reversing planar homeomorphism is isotopic to r, it seems natural to ask if for a given orientation
reversing homeomorphism h with a plane separating continuum X invariant, there is a natural linear order on the collection
of the bounded invariant components of R2 \ X , that will resemble the one described in the above example? The answer
does not seem apparent, for example, in the case when X is a Lakes of Wada continuum (i.e. every point in X is in the
boundary of any component of R2 \ X ) or X is (hereditarily) indecomposable. We shall show that such a linear order always
exists, proving the following theorem.
Theorem 1.1. Let h : R2 → R2 be an orientation reversing homeomorphism with a continuum X invariant. Suppose U is a collection
of k bounded components of R2 \ X that are invariant under h. For U ∈ U let AU be an invariant annulus containing X, and with a
boundary component in U . For any two nonnegative integers p,q such that p + q = k − 1 there is U ∈ U such that the two Nielsen
classes of h in AU partition U \ U into two sets, one of which has p elements, and the other one has q elements.
One could say that the complementary domains of X that are in the same Nielsen class with respect to the annulus AU
are on the same side of U . Therefore the Nielsen classes determine, in some sense, two sides of U in X : “above” U and
“below” U (cf. Fig. 1). In the present paper, we shall also provide an alternative proof of the result from [7].
Theorem1.2. ([7]) Let h : R2 → R2 be an orientation-reversing homeomorphism of the plane onto itself with a continuum X invariant,
and suppose there are at least n bounded components of R2 \ X that are invariant under h. Then F ix(X,h), the set of ﬁxed points of h
in X, has at least n + 1 components.
In addition to the articles mentioned earlier, the reader is referred to [3–6] to learn more about orientation reversing
planar homeomorphisms.
2. Preliminaries
2.1. Universal covering spaces and Nielsen ﬁxed point classes
We shall ﬁrst recall some background from [18] and [15] concerning universal covering spaces and Nielsen ﬁxed point
classes. Let Y˜ → Y be the universal covering of Y . A lifting of a map h : Y → Y is a map h˜ : Y˜ → Y˜ such that p ◦ h˜ = h ◦ p.
By the unique lifting property any lift of a map is uniquely determined by where it sends a single point. A covering
translation (or deck transformation) is a map α : Y˜ → Y˜ such that p ◦ α = p; i.e. a lifting of the identity map. The covering
translations of Y˜ form a group D which is isomorphic to the fundamental group π1(Y ). A Nielsen ﬁxed point class of a map
h : Y → Y is the set τ ({x˜ ∈ Y˜ : h˜(x˜) = x˜}), where h˜ : Y˜ → Y˜ is a lift of h. Equivalently, two ﬁxed points x0, x1 of h belong to
the same Nielsen ﬁxed point class if and only if there is a path γ from xo to x1 such that γ ∼= h ◦ γ ; i.e. γ is homotopic
to h ◦ γ with the two points ﬁxed (see p. 622 of [15] for the equivalence of the two deﬁnitions). Two lifts h˜ and h˜′ are in
the same lifting class if and only if h˜ = α ◦ h˜′ ◦ α−1 for some α ∈ D. In such a case we call h˜ and h˜′ conjugate. Nonempty
Nielsen classes deﬁne a partition of Fix(h), the ﬁxed point set of h. Moreover, each Nielsen class is an open subset of Fix(h).
Let D be a disk with k holes; i.e. D is a surface with boundary. The boundary ∂D of D consists of k + 1 pairwise disjoint
simple closed curves. Let τ : D˜ → D be a universal cover. D˜ can be seen as a convex subset of the hyperbolic Poincaré
disc H2. One can compactify D˜ by a cantor set E∞ of points on the boundary of H2. Then τ−1(∂D) ∪ E∞ is the frontier
of D˜, homeomorphic to the circle. Every lift h˜ : D˜ → D˜ of an orientation reversing homeomorphism h : D → D extends to an
orientation reversing homeomorphism (also denoted by h˜) of D˜∪ E∞ (see [6], p. 427 for more).
2.2. Nielsen classes of orientation reversing homeomorphisms of a disk with k holes
Let h : D → D be an orientation reversing homeomorphism of D, such that each component of ∂D is invariant under h.
We will need the fact that h has k + 1 Nielsen ﬁxed point classes. It seems that this fact could be derived for example
from [20], where an algorithm for computing the Nielsen number of a large class of self-maps of surfaces with boundary is
given. For completeness sake, and to highlight the speciﬁc properties of orientation reversing homeomorphisms in question,
we shall walk through the arguments that lead to that number of nonconjugate lifting classes of h.
Let {αi: i = 1, . . . ,k} be the k generators of the fundamental group at xo , where αi is represented by a loop around
the i-th hole. For simplicity we will also denote by the same symbols the corresponding generators of D. Notice that
h(αi) = [αi]−1 for any i. This is because the holes are invariant under h and h reverses the orientation. Indeed, h could be
considered as a restriction of an orientation reversing homeomorphism H of an annulus with the i-th hole as the bounded
complementary domain. Then H must be either in the isotopy class of a reﬂection about a diameter, or a reﬂection about
an essential simple closed curve. Since the later interchanges the two boundary components of the annulus H cannot be
isotopic to it. Now, denote by G(k, xo) the Cayley graph of a free group on k generators, that represents the structure
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of τ−1(xo). Vertices of G(k, xo) represent points in τ−1(xo). Two vertices v1, v2 share an edge if αi(v1) = v2 or αi(v2) = v1,
for some αi ∈ D. If h˜ is a lift of h to D˜ then h˜ induces a simplicial homeomorphism of G(k, xo). To simplify notation,
we will denote this simplicial homeomorphism by h˜, that is the same symbol as the lift it is determined by. Note that for
another lift h˜1 of h it may be the case that h˜|G(k, xo) = h˜1|G(k, xo). Moreover, it is also possible that h˜|G(k, xo) = h˜|G(k, x1),
for x1 = xo .
Lemma 2.1. There are at least k + 1 ﬁxed point classes of h.
Proof. Let c be any ﬁxed point of h in ∂D. By the unique lifting property, choose the lift h˜0 of h such that h˜0(c˜) = c˜. Now,
deﬁne h˜i = h˜ ◦ αi , for any i = 1, . . . ,k. Notice that h˜0, . . . , h˜k determine k + 1 different ﬁxed point classes of h, since no two
of them are conjugate, as {αi: i = 1, . . . ,k} is a minimal generating set for D. 
Lemma 2.2. If h˜ is a lift and h˜′ = h˜ ◦ [αi]2 , for some i, then h˜ and h˜′ are conjugate; i.e. h˜ and h˜′ determine the same ﬁxed point class.
Proof. Note that h˜ ◦ αi = [αi]−1 ◦ h˜ since h is orientation reversing and each hole is invariant. Therefore
h˜′ = h˜ ◦ [αi]2 = h˜ ◦ αi ◦ αi = [αi]−1 ◦ h˜ ◦ αi,
and consequently h˜ and h˜′ are conjugate. 
Lemma 2.3. There are exactly k + 1 ﬁxed point classes of h.
Proof. Let h˜0, h˜1, . . . , h˜k be the lifts described in Lemma 2.1. We shall show that these lifts determine all ﬁxed point classes.
Let h˜ be any lift of h. There are integers p1, . . . , pk such that h˜ = h˜0 ◦ [α1]p1 ◦ · · · ◦ [αk]pk . Note that by Lemma 2.2,
• if all pi are even then h˜ is conjugate to h˜0;
• if p j is odd and pi are even, for i = j, then h˜ is conjugate to h˜ j .
We shall show that no more than one pi can be odd, which will complete the proof.
By what we have shown so far, it is enough to show that there does not exist a lift h˜ = h˜0 ◦ αi ◦ α j , with i = j. Suppose
such a lift exists. Refer to Fig. 2. Then h˜ = [αi]−1 ◦ h˜0 ◦α j = [αi]−1 ◦ h˜ j . Recall that h˜0 ﬁxes a vertex c˜ in G(k, c). Therefore h˜ j
ﬁxes no vertex in G(k, c), but ﬁxes an edge E of G(k, c), that belongs to a component K˜ of τ−1(α j). Consequently h˜(K˜ ) = K˜ .
Notice that c˜ is a vertex of E , and let d˜ be the other vertex of E . c˜, d˜ are interchanged by h˜ j ; i.e. h˜ j(c˜) = d˜ and h˜ j(d˜) = c˜.
Notice that c˜, d˜ are in two different components of τ−1(αi). Therefore [αi]−1(c˜), [αi]−1(d˜) are in two different components
of τ−1(αi) (the deck transformation [αi]−1 maps these components in a bijective way). But this is contradiction, since
[αi]−1 ◦ h˜ j(c˜) and [αi]−1 ◦ h˜ j(d˜) do not share an edge. 
Let {Cl: l = 0, . . . ,k} be the components of ∂D, where C0 lies in the intersection of D with the unbounded complemen-
tary domain of D. The following two lemmas will be used in the proof of Theorem 1.1.
J.P. Boron´ski / Topology and its Applications 159 (2012) 737–743 741Fig. 3. Proof of Lemma 2.5.
Lemma 2.4. For each Nielsen class N there is i = j such that |N ∩ Ci | = 1, |N ∩ C j | = 1, and |N ∩ Cl| = 0 for l /∈ {i, j}.
Proof. Each Cl is a simple closed curve, and therefore there are exactly 2(k + 1) ﬁxed points of h in ∂D. Since Nielsen
classes partition the ﬁxed point set of h, and each lift has exactly two ﬁxed points in the circle τ−1(∂D) ∪ E∞ , each ﬁxed
point class contains exactly two ﬁxed points from some two components Ci,C j . We shall show that i = j.
By contradiction, suppose i = j, and let c,d ∈ Ci be the two ﬁxed points of h in Ci . Since c and d are in the same Nielsen
class, there is a path γ in D from c to d that is homotopic to h ◦ γ with the endpoints ﬁxed. Therefore there exists an
orientation reversing homeomorphism g of D such that g|∂D = h|∂D and g(γ ) = γ (cf. the proof of Lemma 2.5 and Fig. 3).
Let A and B be two arcs from c to d in Ci such that A ∪ B = Ci . γ separates D into two components, one containing A, and
the other containing B . Since g interchanges A and B , g also interchanges these two components. However, this contradicts
the fact that each Cl is invariant, as they must be in one of the two components. 
Lemma 2.5. Let, for every j = 0, . . . ,2k + 1, x j be a ﬁxed point of h in ∂D, and let x0, x2k+1 ∈ C0 . There is an isotopy {gt : D → D |
t ∈ [0,k]}, and a ﬁnite sequence of arcs γ 1, . . . , γ k+1 such that
• g0 = h,
• gt |∂D = h|∂D, for every t ∈ [0,k],
• gk(γ i) = γ i for any i = 1, . . . ,k,
• γ i has endpoints in x2i−2, x2i−1 ,
• for every i = 1, . . . ,k, x2i−1, x2i belong to the same component of ∂D.
Proof. It follows from Lemma 2.4 that there is an xσ(1) ∈ ∂D \ C0 that is in the same Nielsen class as x0. Consequently, by
one of the deﬁnitions of a Nielsen class, there exists a path {γ 1(t): t ∈ [0,1]} from x0 to xσ(1) , such that γ 1 and h(γ 1) are
homotopic, with the endpoints ﬁxed. One can choose a closed disk R1 ⊆ D such that (γ 1 ∪ h(γ 1)) \ {x0, xσ(1)} is contained
in the interior of R1. Therefore one can construct an orientation reversing homeomorphism g1 : D → D isotopic to h, such
that
• g1(x) = h(x) for any x /∈ Int(R1),
• g1(γ 1) = γ 1.
To obtain the above it is enough to use an orientation preserving homeomorphism φ such that φ(x) = x for x /∈ Int(R1), and
for which φ(γ ) = γ , and then set g1(x) = φ(h(x)). Note that g1(x) = h(x) for any x ∈ ∂D. Since any such φ is isotopic to the
identity map on R1, g1 = φ ◦ h will be isotopic to h.
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that there is xσ(3) ∈ ∂D \ Cμ(1) that is in the same Nielsen class as xσ(3) . Consequently there exists a path {γ 2(t): t ∈ [0,1]}
from xσ(2) to xσ(3) , such that γ 1 and h(γ 1) are homotopic, with the endpoints ﬁxed. One can choose a closed disk R2 ⊆ D
such that (γ 2 ∪ g1(γ 2)) \ {xσ(2), xσ(3)} is contained in the interior of R2. Repeating the approach from construction of g1,
one can construct an orientation reversing homeomorphism g2 : D → D such that
• g2(x) = g1(x) for any x /∈ Int(R2),
• g2(γ 2) = γ 2.
It is clear that continuing the above procedure inductively one obtains a sequence of paths {γ j: 1  j  k} invariant
under an orientation reversing homeomorphism gk that is isotopic to h in D, and such that gk(x) = h(x) for any x ∈ ∂D. 
3. Proof of Theorem 1.1
Proof. Recall that without loss we assume that there is a disk with k holes D containing X , such that each of the k+1 com-
ponents of D\ X contains exactly one component of ∂D; i.e. each of these components is invariant under h. Let C0,C1, . . . ,Ck
be these components of ∂D, where C0 lies in the unbounded complementary domain of X . By Lemma 2.5 there is an ori-
entation reversing homeomorphism g isotopic to h, and a sequence of arcs γ 1, . . . , γ k+1 invariant under g such that
• gt |∂D = h|∂D, for every t ∈ [0,1],
• for every j = 0, . . . ,2k + 1, x j is a ﬁxed point of g in ∂D,
• γ i has endpoints in x2i−2, x2i−1,
• x0, x2k+1 ∈ C0,
• x2i−1, x2i are in Ci , for every i = 1, . . . ,k.
Now, ﬁx p and q such that p + q = k − 1. Consider the annulus Ap+1 that is determined by C0 and Cp+1 as the two
components of its boundary. Let (A˜, τ ) be its universal covering. Choose a lift g˜ of g that determines the Nielsen class
of x2p+1. Note that x2p+1 ∈ Cp+1 ∩ γ p+1. Let Di be the disk bounded by Ci . Set S =⋃p+1i=1 γ i ∪
⋃p
i=1 Di . Then x0, x2p+1 ∈ S .
Now, choose the component S˜ of τ−1(S) that contains the ﬁxed point of g˜ in τ−1(x2p+1). As without loss one can assume
that each Di contains a diameter of ﬁxed points, and since S does not separate the plane, thus S belongs to the Nielsen
class of x2p+1 (cf. [7], Proposition 2.1 and Lemma 2.2). Therefore S˜ = g˜( S˜). Additionally, S˜ separates A˜ into two components,
say W and h˜(W ), as it is a continuum connecting the two components of the boundary of A˜. It is easy to see that no
complementary domain of X that contains Ci for i = p + 2, . . . ,k is in the Nielsen class of x2p+1, as ⋃ki=p+2 τ−1(Ci) ⊆
W ∪ g˜(W ). Since there are only two Nielsen classes of g|Ap+1 it suﬃces to show that these classes coincide with the
Nielsen classes of h|Ap+1.
Let {gt | t ∈ [0,1]} be an isotopy between g and h described in Lemma 2.5. There is a unique lift h˜ of h and an isotopy
{g˜t : A˜p+1 → A˜p+1 | t ∈ [0,1]} such that g˜0 = g˜ and g˜1 = h˜. It suﬃces to show that for a given component C˜i of τ−1(Ci),
we have g˜(C˜i) = h˜(C˜i). This will prove that Ci is in the Nielsen class of x2p+1 with respect to g if and only if it is in the
Nielsen class of x2p+1 with respect to h. To ﬁnish the proof notice that g˜t(τ−1(Ci)) = τ−1(Ci) for any i = 0, . . . ,k and any
t ∈ [0,1]. Since each component of τ−1(Ci) is a connected and isolated subset of τ−1(Ci), and by the continuity of the
isotopy {gt | t ∈ [0,1]} with respect to t , we must have g˜t(C˜i) = g˜(C˜i) for any t . Consequently h˜(C˜i) = g˜1(C˜i) = g˜(C˜i), and
the proof is complete. 
Remark 3.1. Theorem 1.1 extends to orientation reversing homeomorphisms of S2 in the following way. Suppose h is such
a homeomorphism. Assuming that there are at least two invariant components of S2 \ X , one can remove a ﬁxed point u
from one of the components. Then the restriction h|(S2 \ {u}) is an orientation reversing planar homeomorphism and the
same arguments apply. In this case the partition is determined be the choice of two components of S2 \ X .
4. Proof of Theorem 1.2
Proof. Let D be as in the proof of Theorem 1.1. By Lemma 2.3 there are k+1 Nielsen classes of h. Let h˜i , i = 0, . . . ,k, be the
lifts that determine the Nielsen classes of h. Suppose {Dn: n ∈ N} is a family of disks with holes such that ⋂n∈N Dn = X .
Then each τ−1(Dn) ∪ E∞ is a continuum and consequently ⋂n∈N[τ−1(Dn) ∪ E∞] = τ−1(X) ∪ E∞ is a continuum. Addition-
ally, τ−1(X) ∪ E∞ is invariant under each orientation reversing homeomorphism h˜i , as h˜i(τ−1(X)) = (τ−1(X)) for each i.
By Lemma 2.4 each lift h˜ has no ﬁxed points in E∞ . Therefore by the theorem of Bell [2] and the theorem of Kuperberg
[16] each lift h˜ has a ﬁxed point in τ−1(X). This shows that the k + 1 Nielsen ﬁxed point classes of h intersect X . As any
Nielsen class is a closed and isolated subset of the ﬁxed point set it follows that there are k + 1 components of X . 
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